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Abstract 

We establish the asymptotics of blowup for nonlinear heat equations with superlinear power nonlin- 
earities in arbitrary dimensions and we estimate the remainders. 

1 Introduction 

In this paper we study the blowup problem for the n-dimensional nonlinear heat equation (or the reaction- 
diffusion equation) 

dtu — Au+|u|P^"^u 
u(a:, 0) — uq{x) 

with p > 1. Here u : M" x K+ — > M. Eq. ([T]) arises in the problem of heat flow, or, more generally, in the 
problems involving diffusion, and is a model for a large class of nonlinear parabolic equations, which are 
ubiquitous in mathematics and its applications. 

We will deal, without mentioning it, with weak solutions of Eq. ([1]) in the sense detailed in the next 
section. The local existence of such solutions is well known (see, e.g. [1] for the Sobolev spaces H°' , < a < 2) 
and is presented for readers' convenience in the next section. These solutions can be shown to be classical 
for t > 0. 

For some data uo{x), the solutions u{x,t) might blow up in finite time t* > 0, i.e. they exist in L°° for 
[0,t*) and sup^ |u(a;,t)| — )■ oo as t ^ t* . Thus, two key problems about ([1]) are 

1. Describe initial conditions for which solutions of Eq. ([T]) blow up in finite time; 

2. Describe the blowup profile of such solutions. 

It is expected (see e.g. ^2 ) that the (stable) blowup profile is universal — it is independent of lower power 
perturbations of the nonlinearity and of initial conditions within certain spaces. 

The following key properties of equation ([T|) elucidate important features of the results we discuss below: 
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([T]) is invariant with respect to the scaling transformation, 

t) ->■ A5^u(Ax, X^t) (2) 
for any constant A > 0, i.e. if u{x,t) is a solution, so is Xp^u{Xx, X^t). 
(m has a;— independent (homogeneous) solutions: 

Whom - [< -{P- l)tr^'- (3) 



Solutions ([3]) blow up in finite time t* = (j^p — 1)uq for p > 1. The linearization of ([T|) around 

Whom shows that the solution Uhom is unstable. Moreover, it is shown in [18] that if either n < 2 or p < 
(n + 2)/(n — 2), then the equation ([1]) has no other self-similar solutions of the form {T — t)^^^<j) [xj \/T — t) , 
(f> e L°°, besides Uhom- 

We consider ([T|) with initial conditions in a certain neighbourhood of the homogeneous solution, which 
have, modulo a small perturbation, a maximum at the origin, are slowly varying near the origin and are 
sufficiently small, but not necessarily vanishing, for large \x\. We show that the solutions of ^ for such 
initial conditions blowup at a finite time t* and at some moving point (^(t) and we characterize the blowup 
asymptotics. More precisely, with the standard notation yby :— '^"j^i UibijUj for a n x n-matrix b := (bij), 
(x) := (1 + |xp)^/^ and f ^ g for two positive functions / and g, satisfying / < Cg for some universal 
constant C, we have the following result. 

Theorem 1. Let bo := (&oy ) > &e a real, symmetric, positive n X n-matrix with \\ba\\ <^ 1 and 1 < Cq < 4. 
Suppose the initial data Uq € L°°(R") for ([T]) satisfy the conditions 



uo{x) 



with m = 0,3, < (5o < 1 and (53 = C||6o|p. The 



Co 



p — 1 + xbox 



< Sm, (4) 



(1) There exists a time t* £ (0, oo) such that the solution u{x,t) exists on the interval [0,i*) and blows up 
at t*. 

(2) For t < t* there exist unique, , positive, real valued functions X{t) and c{t), a n-vector valued 
function ({t), and a nx n-symmetric-matrix valued function b{t), with b{t) ^6(0), such that u{x,t) 
can be written as 

.(.,^) = A^(.)[(--^|L_)^+^(.,.)], (5) 

where y := X{t){x — C,{t)) and the fluctuation part, ^, admits the estimates || (y)~™^(a;, t)||oo ^ ^m{t)-, 
m = 0,3. Here So{t) = < 1 and Ssit) = \\b{t)\\^. 

(3) The parameters X(t), b{t), c{t) and (^(t) obey certain dynamical equations (with initial conditions A(0) = 
y^co + "jTr bip), Co > 0, 6(0) > 0, depending on the initial datum), whose solutions give 

m ={t*-trHi + o{i)) 

^i^) = 4p|ln|t*-t|| + *^(|ln|f-t||i/2)) /■g^ 

=i- 2p|i^T.>-.|| (i + Q(sr^)) 
at) =0(1). 
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Here o(l) is in t* — t. 

Remarks. 1) Neither smoothness of initial conditions nor decay at infinity are required. In particular, the 
energy 

E{u) := j QlVzip - ^VA"^') d"x, (7) 

for such initial conditions might be infinite. 

2) The weight in the L°°-norm for ^(z, t) comes from the fact that we decompose a solution of ^ into a 
leading profile and a fluctuation, with the fluctuation orthogonal to bad (positive or nearly zero) eigenvalues 
of the linearization around the leading proflle. The weight in question is determined by the eigenfuction of 
the first good (negative) eigenvalue. (Note that bad eigenvalues reflect the instabilities w.r. to the blowup 
time and center and the shape and size of the blowup profile.) 

There is rich literature regarding the blowup problem for equation ([T]). We review quickly the relevant 
results. Starting with jTH], various criteria for blowup in finite time were derived, see e.g. [1^1 HJ [51 [U [371 
[Ml 1331391111 [in [15]. For example, if mq e -ff^ n 1^+^ and 8{uo) < 0, then it is proved in [27] that \\u(t)\\l 
blows up in finite time t* . By the observation 

~\Htm<\\uit)r^^uit)g 

we have that ||u(t)||oo blows up in finite time <** < t* also. (In this paper, we denote the norms in the 
spaces by || • ||p.) 

Blowup at a single point was studied as early as [46l (see also [H]). The first result on asymptotics of 
the blowup for arbitrary dimension n > 1 was obtained in the pioneering paper |18] where the authors show 
that under the condition 

\u{x, t)|(i* — i)^ is bounded on Bi x (0, t*), (8) 

where Bi is the unit ball in M" centred at the origin, and either p < or n < 2 and assuming blowup 
takes place at x = 0, one has 

2 / 1 \ 1 

\imX^u(Xx,U+X^(t~U))=±{ (i* - t) ^ or 0. 

This resuh was further improved in several papers (see e.g. [20l[l9l|2ail2l|30l[44l[13l[l4lll5l|2l[MllMll3a 
A blowup solution satisfying the bound ([5]) is said to be of type I. This bound was proven under various 
conditions in [20l [33] [34l [47] [21]. Furthermore, the limits of i?^-blowup solutions u{x,t) as t ^ outside 
the blowup sets were established in[23[T2l|30l[Ml[13l[ll[15lll[35l[9]. 

For p > 1, dimension n — 1, Herrero and Velazquez [23] (see also [T3]) proved that if the initial condition 
uq is continuous, nonnegative, bounded, even, and has only one local maximum at 0, and if the corresponding 
solution blows up, then 

lim(r - t)^^u[v[[t* - t)\n\t* ~t\)"^,t) = {p- 1)-^[1 + ^y2p^^ 
uniformly on sets \y\ < R with i? > 0. Further extensions of this result are achieved in [251 1^ [T^ [T5] . 
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Later for dimension n — 1 Bricmont and Kupiainen [5] constructed a co-dimension 2 submanifold of 
initial conditions such that ^ is satisfied on the whole domain. More specifically, given a small function g 
and a small constant 6 > 0, they find constants do and di depending on g and b such that the solution to 
^ with the datum 

U*,{X) = (p - 1 + bx'r^il + + g{x) (10) 

p — 1 + OX^ 

has the convergence ^ uniformly in y G (— oo, +oo). The result of [2., was generalized in [32] (see also |17j). 
where it is shown that there exists a neighborhood U, in the space n H^, of Uq, given in (fTO|) . such that 
if uq € U, then the solution u{x,t) blows up in a finite time t* and satisfies ([9]) for a; e M. They conjectured 
that this asymptotic behavior is generic for any blowup solution. 

For initial conditions in L°° that lead to blowup at a prescribed location and time, a, T, respectively, 
with the blowup profile dH), Merle et al. ([9l[30l|32l|331|34l[3l]) estabhshed the stability of the blowup profile 
in any dimension. 

In [6] precise blowup asymptotics were derived for ([T]) in dimension 1 for even initial conditions. Our 
results extend the results of in two aspects. First, we address the problem of blowup in arbitrary 
dimensions. Second, we consider more general, non-symmetric initial conditions, which allow the blowup 
center to move. 

F. Merle ([3T ) has informed the last author that asymptotics © - ([6]), but without estimates of the 
remainders, can be derived from [9l [TO l [20 l [2T 1 [29 l [36 l l45] . 

Unlike the most of the works above, we do not use the fact that ([T]) is an i^-gradient system 

dtu = — gradf (w), 

with the energy defined in ([T])- Instead we use method of majorants, which allow us to bootstrap our 
estimates, and strong linear estimates. Hence we expect our analysis can be extended to non-gradient 
systems. 

Also, in contrast all previous works, with exception of '6', which fix scaling as A(i) ^{T~t)-2, where 
T is the blowup time, we leave the scaling, X{t) (and blowup center, shape and size parameters, b and c, and 
time) to be determined by the equation. As a result we obtain a dynamical system for the scaling parameter 
A(t), as well as for other parameters determining the leading profile, solving which gives the desired scaling 
law. Hence our approach is well adapted to detecting the scaling dynamics in situations where scaling law 
is not obvious (see e.g. [SI [SI Ei Ei [SDl ISI])- 

We believe our techniques are sufficiently simple and robust and can more or less straightforwardly be 
extended to p < (collapse, see jH]), to several blowup centers, to blowups along spheres and to more 
general, say polynomial, nonlinearities. 

Our proof is close to the one of [6 but several points are substantially revised and the exposition is 
simplified. Since the problem is important and our treatment is still simpler than anything presented so far 
in the literature, we give, for the reader's convenience a complete proof, reproducing some of the results of 
i- 

Our approach consists of the following sequence of steps: 

• Passing to blowup variables (Section [2]). Given differentiable functions z(t) e M" and A(i) > 0, we pass 
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to new variables as 

v{y,T) :— X p-^ {t)u{x,t), where y := X{t){x — z{t)) — a{t) and t :— / X {s)ds. 

Jo 

Here a{t) satisfies the equation X~^a — aa = —X~^z, with a{t) ~ X{t)/X^{t). Now X{t),a{t), z{t) and 
u(j/,r) are unknowns we have to solve for. 

• Reparametrization of solutions (Section[3]). The equation for v{y,T), which follows from ([1]), has the 
two-parameter family of approximate solutions 

/ 2a \^ 

where b :— (bij), bij G K, is any real, symmetric n x n-matrix and, recall, yby X]"j=i Vi^iiVf 

(^A - a?/ • V - Vab + \VabV~^Vab ~ 0. (12) 

In what follows we take 6 > 0, so that Vab is nonsingular. 

It will turn out (see below in this outline) that a approaches 1/2, as t approaches the blowup time, 

a+l/2 N 
p-l+yby I 

Xas :={Kfc|aeR+,&eM"^"} 



and it will be convenient to replace Vab by Vabiy) '■— ( -t+^b )''~^ • consider the manifold 



of almost solutions. We parameterize a solution by a point on the manifold A^as and a fluctuation 
(approximately) orthogonal to this manifold: 

V = Vab^i. ^±Tv^,M^s, (13) 

in the sense of L^(]R", e^^'^l^/^dy) (large slow moving and small fast moving parts of the solution). 

• Lyapunov-Schmidt decomposition (Section [6]). Plugging the decomposition (|13p into the equation for 
v{y,T) gives the equation 

ir = -Cab(+^{(,a,b)+:F{a,b) (14) 

where Cab, A/'(^, a, b) and J^(a, b) are the linear operator, the nonlinearity and the source term respec- 
tively. 

Differentiating the equation (jl2l) w.r. to a, z (remember, y := X(t)(x — z{t))) and 6, and using that 
Vab = ip- l)adaVab and y ■ VKb = ^j^^Vab = j,ltl%y daVab and VKb = V.Kb, we obtain 

CabidaVab) ~ a{l + pL^)daVab, Cabi^ zVab) ~ aV ,Vab, Cabidb^.Vab) ~ 0- (15) 

p-l + yby 

Since for \y\ bounded and ||6|| small, Vab ~ ( ) and therefore 



daVab~-, zjVab ~ X^'^bijyj, and db^^Va, 
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where ^ := (^ "pl{^ ^ '' ■ Hence we expect that the hnearized operator Cab has approximate 
eigenvalues 2a, a and with the corresponding approximate eigenfunctions of 1, yj and j/ij/j, which 
are approximate tangent vectors to A^as at Vab spanning Ty^^Mas- 

The first two groups of approximate eigenfunctions are related to the scaling and translation symmetry 
of the original nonlinear heat equation (HI) . The third one can be thought of as related to the symmetry 
w.r. to rotations. The approximate eigenfunctions above give the unstable modes in our problem and 
they will play an important role in our analysis. 

Consider now the family Vbciu) i p-i+yby ^^^ ^ with c an extra parameter, and proceed as above, 
using the decomposition v = He + ^, instead of ([T3l) . Projecting the resulting equation for ^ onto 
approximate Ty^ A^as, we find the following dynamical system for the parameters a, b, c: 

2 

drC = c(c - 2a) Tr b + Rem^f^, a, b, c) (16) 

p-1 

2b 4» 

drb = (c - 2a)b -Tr b + i--^b^ + Remf,(^, a, b, c) , (17) 

p-1 [p-iy 

for some remainders Remc(^, a, 6, c) and Remb(^, a, 6, c) which are expected to provide higher order 
corrections. Note that we are free to choose the (time-dependent) additional parameter c at our 
convenience. From the above equations we read off the equilibria (zeroes of the vector field governing 
the evolution of the parameters a, 6, c) as 

(a,6,c) = (a*, 0,2a*), 

for any choice of function a* . The fixed point we want the parameters to flow to is 

(a,6,c) = (i,0,l). 

One way to achieve this is to fix c as a convex combination of 1 and 2a: c = p + 2(1 — p)a , for any 
p € (0, 1). Note that the extremal point p = is not a good choice because the equation for Cr would 
lose its leading part driving a and c to the desired fixed point, while p ~ I robs us of an equation for 
ttr ■ The simplest choice is p = ^ , so that 

c = - + a and c — 2a = - — a . 

This is exactly our reason for using Vab{v) (^ztt^)'^' instead of Vab ■= (^ p_i+yty 

• Linear propagator estimates (Section IH]). Using combination of techniques we derive estimates of the 
propagators generated by the operator Cab in the norms introduced above. 

• Majorants and bootstrap (Sections HI [3 [TOl [11]). To control the fluctuations £,{t), we introduce the 
estimating functions (families of semi-norms) 

Mfe(r) :=maxr'<'-')(r)||(y)-^('-'=)^(r)||oo, fc = l,2. 
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and similarly for the parameters 6(r) and a(T). Using and the linear propagator estimates, we 
prove inequalities for these estimating functions, which allow us to bootstrap our estimates, starting 
from very rough ones provided by the local well-posedness. This allows us to propagate our estimates 
in time. 

We conclude the introduction by stating without proof the standard result on the local well-posedness 
of H]). W := {u e L°^, (-A)"/2u (= 

Theorem 2. Let uq e L°° .Then there exists such that 

• ([1]) has a unique mild solution in C([0, t*), L°°); 

• u depends continuously on the initial condition uq; 

• Either t^ — oo or t^, < oo and ||m(<)||oo — >■ oo as t ^ t^,; 

• If uo & s > 0, then \\dtu\\^ < t-max(i-f,o) as t ^ 0. In particular, u G C\{0,t*), L°") 
(C\[0,t*),L^) ifs>2). 



2 Blowup Variables and Almost Solutions 

Let z{t) G R", \{t) > 0, be differentiable functions and let a{t) satisfy the equation 

A^^d-aa = -A^^i, (18) 
with a{t) = X{t)/X^{t). We introduce the blowup variables 

y := A(i)(x - z(i)) - and T := [ A^(s)ds 

and define the new function 

v{y,T) ■.= X-^{t)uix,t). (19) 

Plugging ([T^ into (IT|) we obtain 

drv^ (^Ay-ayVy-^^^v+\v\P-\, (20) 
where, as above, a{t) — X{t)/X^{t). The initial condition for this equation is obtained from the initial 

_ 2 

condition for ([T]) as v{y, 0) = Aq "^^ uo{zo + ), for some Aq, zq and ao- 

From the local well-posedness of ([T]) and using rescaling, we can conclude that there exists T > s.t. ([20|) 
has a unique mild solution in C{[0,T), L°°) and the solution depends continuously on the initial condition. 
Moreover, either T = oo ov T < oo and ||w(t)||oo — oo as t — !■ T. 

The equation ([20]) has the following family of homogeneous, static (i.e. y and r-independent) solutions: 
a is a constant and 

2a \^ 
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This family of solutions corresponds to the homogeneous solution ([3]) of the nonlinear heat equation with 

the parabolic scaling = 2a{T — t), where the blowup time, T 

initial value, uq of the homogeneous solution Uhom(i)- 

If the parameter a is r dependent but \ar \ is small, then the above solutions are good approximations to 
the exact solutions. A richer family of approximate solutions is obtained by solving the equation ay ■ Vj,w + 
■^^v = yP, obtained from ([^0]) by neglecting the t derivative and second order partial derivative in y. This 
equation has the general solution 

for all b := {bij),bij £ R, real, symmetric n x n-matrices. Here recall yby := j=i Vi^ijUj- In what follows 
we take 6 > 0, so that Vat is nonsingular. Note that V2a,n — Va- 



is dependent on the 



3 Reparametrization of Solutions 

In this section we split solutions to ([20l) into the leading term — the almost solution Vab{y) '■— — 

and a fluctuation ^ around it. (The reason for passing from Vab{y) ■= p- i+yby ) ^ab(y) was explained 

in the introduction.) More precisely, we would like to parameterize a solution by a point on the manifold 
A^as {Vab I a G K+, b E M"^"} of almost solutions and the fluctuation orthogonal to this manifold (large 
slow moving and small fast moving parts of the solution). For technical reasons, it is more convenient to 
require the fluctuation to be almost orthogonal to the manifold A^as- More precisely, recalling the discussion 
at the end of the previous section, we require ^ to be orthogonal to the vectors 4>a''\ < i,j < n, where 

0i™)(y) 1, 0f )(2/) = V^y^, <t>^:'\y) ay^V,. 1 < hJ < n, 

which are almost tangent vectors to the above manifold, provided b is sufficiently small. 

Denote by M„ the space of real, symmetric, n x n matrices and by M+, the positive cone in this space. 
Let u\^z{y) '■= \^^p^u{x), with x — z + A^^(j/ + a). We define the neighborhoods 

:= {v e L°°(M") I ||e^^l^l'(w - Vab)\\oo < C\\bf for some 1/4 < a < 1, < 6 < e } 

and 

C/e :={ueL°°(R") \ux,.eU,}. 
The following statement will be used to reparametrize the initial conditions. 

Proposition 3. There exist an eo > and a unique functional g : Ue„ — > K.^ x x M", such that any 
function ua.zq G C/eo ca?i be uniquely written in the form 

ux,,„ = Vab + ^, (23) 

with ^ _L (j}a^\ < i,j < n, in {W^ , e~ dy) , {a,b,z) = g{u\^zo)- Moreover, «/ | < < 1, < &o < £o 
and \\{y)~™-{u\,za — Vaoba)\\oa < 5m TO^/i TO = 0, 3, (Js = 0( 1 1 feo I P) and Sq small, we have 

l5i(«A,.o)-(ao,6o)| < \\bof, (24) 
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|52K.o)-'2o|<||6o||, (25) 

IK^/)-3K.o-K,(„,,,J))IU<ll^>oll^ (26) 

\\ux,zo - Vg(u>,,,J\oo <So + \\bo\\- (27) 
for g{ux,zo) = {9i{ux,zo),92{u\,zo)), where gi{ux,zo) = {a,b) and g2{ux,zo) = z- 

Proof. Let Vxabzix) \'^Vab{y), = Vxabz with /x = {a,b,z), and (pai\x) := (jia'Hy) with y := 
A(a: — z) — a. The orthogonahty conditions on the fluctuation can be written as G{^,u) = 0, where G : 
R+ X M+ X R" X (R") M„+i is defined as 

Here and in what follows, all inner products are ^^(Rn^ g-^l^'I'/^dy) inner products. Whenever it is convenient 
we identify /z with an (n + 1) x (n + 1)— matrix: /loo := a, ^oi = A*jO = Zi, Hij := bij, 1 < i,j < n and let 
M++1 := {/I e M„+i |a > 0, 6 > 0, ^ e M"} and M„+i,e := {/U e M„+i \a e [i, 1], < 6 < e, ^ e M"}. 

Let X := e^l^' L°°(R") with the corresponding norm. Using the implicit function theorem we will prove 
that for any fiQ := (ao,&Oj^o) G ^n+i there exists a unique function g : X — > M„+i, defined in a 
neighborhood Uij,^ C X of V^^, such that G{g{u),u) = for all u G t/^^. Let Bs{Vij,g) and Bs{iiq) be the 
balls in X and around and /xq and of the radii e and 5, respectively. 

Note first that the mapping G is and G{hq,V^„) = for all fiQ. We claim that the linear map 
dixG{iJLo,Vij,„) is invertible. 

Lemma 4. 3eo > such that 9^G(/i, u), for u G U^^, is invertible. 

Proof. Let the indices a and p run over the pairs («, j), < ? < j < n. We compute 

^^G{^i,u)= (28) 
where the (q,/3)— th entries of and A2 are 

^i(a,^) = (a^„V;,<pW) (29) 

and 

A2(a,/3) = (y^-u,a^„<pW), 
respectively. We write Ai in the block form 

/ ifn K12 \ 
= K21 K22 K23 , 
\ K31 K32 K33 J 

where Kn = {d(aM':,t)V^,ip%), with < i < n, K22 = {dbos-Ai^tV^,ip%), with I < i < 3 < n, K^s = 
{9zVn,Va\)' with 1 < i < n and similarly for the other entries. For 6 > and small, we compute using 
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change of variable y = X{x — z) — a, that (see Appendix 2 for more details) 



p — 1 p — 1 a 



is an (n + 1) X (n + 1) matrix, 



1 1 

o+T a+i 
1 3 1 

(P-I)a (P-I)a (P-I)a 

1 1 3 



(p-l)a 



V ip-l)a 



(p-l)a 



(p-l)a 



D— l)a 



1 



(p-l)a 



"l)a / 



^ 2 + 1/2 1 



,27r 



p-1 



{p — l)^a a 



and 



if 33 = 



.A-"+A(^±lZ^)]^(^)"/25 + o(||6||) 
p — 1 a 



is an n X n matrix. Moreover, 



OiM) (30) 



(31) 



(32) 



Kij = o{\\b\\) for 1 < i 7^ j < 3. 



(33) 

Since i^n, K22 and ifaa are invertible, the matrix Ai is also invertible. Furthermore, by the Schwarz 
inequality 

\\A2\\<\\u^Va„bo\\x=0{\\bf). (34) 
Therefore there exist Eq and ei such that the matrix dfj_G{fj,,u) has an inverse for fi G M„+i and u G 



Moreover, from ([28l) -(p4 |) we know that can be written as 



All A12 
A21 A22 



R, 



where An — 0{1) and has an 0(1) inverse, A22 = 0(||fe||) and has an 0(||6|1 ^) inverse, A12 = o(|16||) and 
A21 — o(||6||). Then we have 

^-l _ f Bii B12 
B21 B22 



(35) 



wherein = (^11-^12^^2' ^21)"^ = 0(1), B22 = (^22-^21^-^12)-! ^ 0(||6|l-i), B12 = -^"^12(^22- 
A2iAli^Ai2)-^ = 0(1) and B21 = -^^2' ^21 (^11 - Ai2A^2'^2i)-' = o(l). 

Hence by the implicit function theorem, the equation G{fi, u) — has a unique solution /i = g{u) on a 
neighborhood of every V"^, /i G M„-|_i.c, which is in u. Our next goal is to determine these neighborhoods. 

To determine a domain of the function fi = g{u), we examine closely a proof of the implicit function 
theorem. Proceeding in a standard way, we expand the function G{fi, u) in fi around iiq: 

G{fi, u) = G(^o, u) + 9pG(^o, - Mo) + Ri^J■, u), 

where R{n, w) = O — MoP) uniformly in u G X. Here = |ap + ||&|p + |zp for /i = (a, 6, z). Inserting 
this into the equation G(/i, u) — and inverting the matrix 9^G(/io, w), we arrive at the fixed point problem 
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a = $t((a), where a :~ ^ — and ^u{c() —d^G{iJ,o,u) ^[G{^j.a,u) + R{p,u)]. By the above estimates 
there exists an ei such that the matrix d^G{iiQ,u)~^ is bomided in u G -Bej(V"^o). Define 

\l^\bo^\a\ + \\h\\ + \M\\z\ 

for ^ — {a,b,z), then from (|35|) we have \{dfj_G)~^ fi\bo < It follows that 

\<^u{a)\b„<\G{fio,u)\ + \a\\ (36) 

Furthermore, using that da^uict) = —d^G{^o,u)~^[G{ii,u) — G{^,o,u) + we obtain that there 

exist e < £i and 6 such that ||i9a$„(a)|| < \ for all u g B^[V^j,^) and a e i?5(0). Pick e and (5 so that 
£ <^ 5 <^ \\ho\\ <^ 1. Then, for all u S Bs{Vf^g), is a contraction on the ball -65(0) and consequently has 
a unique fixed point in this ball. This gives a G^ function /i — g{u) on Bi,{V^„) satisfying |/i — /io| ^ An 
important point here is that since e ^ ||6o|| we have that 6 > for all Vab G ^e(^Mo)- Now, clearly, the 
balls Bg{V^„) with /ig S Mn+i^^^ cover the neighbourhood U^a- Hence, the map g is defined on J7e„ and is 
unique, and the same is true for the map g, defined as ^(ua.zo) — 9{u), which implies the first part of the 
proposition. 

Now we prove the second part of the proposition. The definition of the function G'(/i, u) implies 
G{fio,u) ^ A~"+~ {{Vaobo - u\,zoAa{v))), therefore 

|G(mo,w)| < ||e-*^'K.o - K„bo)lloo. (37) 

This inequality together with the estimate p6p and the fixed point equation a = $„(a), where a — fj, — ^0 
and /i = .g(uA,zo)i implies 

\g{u\.z„) - Molho ^ \\e~^^\ux,zo - Vao6o)lloo- (38) 

From one of the conditions of the proposition, r.h.s. of ([55]) — 0{\\bo\\^) if aq G [j, 1]. The last estimate 
implies (1^^ and ([25]) . Using Equation (1551) we obtain 

||(y)-'(wA,.o - K,(„,,.„))l|oo < ||(y)-'(wA,.o - v^„)\\oo + - '^mo)!!- 

< ||(y)~^(wA,zo - "^'m)IIoo + \giux,zo) - A*o| 

< ||(?y)-^(^A,.o-V;,o)lloo, 

which leads to ([25)) . Finally, to prove Equation (|27l) . we write 

\\u\,zo - K,(«A,.o)IU < \\u\,zo - Ko.bolloo + \\Vg(u^_,g) ^ Ko.bolloo- 

A straightforward computation gives 1 1 Kb — Ko bo 1 1 oo ^ | a — ag | + y'^^j^^ . Since by ([211) , | a — ag | + 1 1 6 — 6o 1 1 = 
O(||6o||^), we have ||Kb - Vaobolloo < ||6o||- This together with the fact ||ua,zo - Ko.bolloo < <^o completes the 
proof of ((271). □ 



Now we establish a reparametrization of the solution u(x, t) on small time intervals. In Section [5] we 
convert this result to a global reparametrization. In the rest of the section it is convenient to work with the 
original time t, instead of rescaled time r. We let It„^s '■— [to, to + S] and define for any time Iq and constant 
S > three sets: 

At„,5 :=Ci(/t„,5, [1/4,1]), Bt„^5.eo :=Ci(/t„,5,M+,J and Ct„,5 := [-1, 1]"), 
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where we recall the constant eq from Proposition [31 

Recall ux^z{y,t) :— X{t)^'p^u{x,t), with x — z{t) + X~^{t){y + a{t)). Suppose u{-,t) is a function such 
that for some Aq > 

sup \\b-\t)\\\\{v)-\ux,,{-,t)~Vait).m)\\oo<.l (39) 

for some a € Ato.s, b e Btg^s,<io^ ^ € Ctg.s, X{t) satisfying X{to) = Aq and X~^{t)dtX{t) = a{t) and a{t) 
satisfying a(to) = Q^o and dta{t) — X'^{t)a{t)a{t) + X{t)dtz{t) = 0. We define the set 

o 

,eo,\o,aa ^ C^{ItQ.s, (K")) | (|39p holds for some a € A.tQ,5, b € BtQ^5,Eo and z G Cfo^a}. 

Proposition 5. Suppose u € Wto,(5,eo,Ao,ao '^'^'^ •^o'^ ^ 1- T'^en i/iere exists a unique map : 
i^to,s,eo,\o,ao ^ -^ta ,s X Bfg^s.eo ^ ^(^^5, sMc/i that for t G u{-,t) can be uniquely represented in the 

form 

ux{y, t) = K;^(„)(t) {y) + ^{y, t), (40) 

with {a{t),b{t), z{t)) = g^{u){t) and 

a;t)^^%] tnLHW\e-'^\y\'dy), 

X-^it)dtX{t) = a{t) and X{to) - Ao, (41) 
dta{t) — X'^{t)a{t)a{t) + X{t)dtz{t) = and a{ta) — ao- 

Proof. For any function a G AtQ,s, we define a function 

X{a,t) := (Ao^-2 /" a(s)ds)~i 
Let A(a)(i) := A(a,t). Next we define a function 

a(a,z)(t) := e^'o _ f ei>"^^^''^^^''^X{s)dtz{s)ds. 

J to 

Define the map G^: 

C\lt„5.^+) X Ci(/t„,5,M+) X Ci(/t„,,-,M") X Ci(/t„,^,(7/)3L°°(R")) ^ r '"^'^"^^' ) 

as 

G#{n,u){t) := G{fi{t),ux(a),z{-,t)), 

where t G /to, 5, = {a,b,z) and G{pL,u) is the same as in the proof of Proposition |3l The orthogonality 
conditions on the fluctuation can be written as G:/^{fj,,u) = 0. Using the implicit function theorem we will 
first prove that for any := (oq, bg, zq) G Ato.s x Bto^s.eo x Ct„.s there exists a neighborhood Ufj,^ of and 
a unique map : U^^^ Ato,s x Bta^s.co x Ct^.a such that G^{g^{v), v) — for all v G W^q. 

We claim that d^G^{^,,u) is invertible, provided uxi^g^) ., is close to V^. We compute 

9^G#(Ai, u)(i) = a^G(A*(i), MA(a),.(-, i)) = ^(0 + B{t), (42) 
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where 

A{t) 9^G(^,w)|^=„^(^,_^, B{t) -.^ d^G{fi,v)\y=u^f,.,^,df,ux(a),z- (43) 

Note that in (|43)) dyG{^, w)|i,=u;^(„) ^ is acting on d^ux(^a),z as an integral with respect to y and let B{t){y) be 
the integral kernel of this operator. We have shown in LemmalHthat the first term on the r.h.s. is invertible, 
provided u\(a),z is close to V^. 

Now we show that for 5 > sufficiently small the second term on the r.h.s. is small. Let v := ux(^a).z- 
Assuming for the moment that v is differentiable, we compute daV = —da{\~^)[:^ri^'v ^ iv + ct)'^vv] + 
X~^daaS/yV. Combining the last two equations together with Equation (j43p we obtain 

[Bit)pm = J B{t){y)[{---^Xv + iy + a)Vyv){daX-')p + X-'Vyv{daa)p]dy. 

Integrating by parts in the second term in the parenthesis gives 

[B{t)p]{t) ^-J [{-^Xv + vVy ■ {y + a)){daX-')p + X-'vVy ■ {daa)p]B{t)[y]dy. (44) 

Furthermore, da{)^~^)p = A(t) J^^ p{s)ds and 

(a,a)p = e^'o^'(^)'^(^)'^«ao / [a{s)daX\s) + X\s)]p{s)ds 

J to 

_ f eI>'ii)-('i)dfdtz{s)[X{s) f\a{-i)daX\^) + X\^))p{^)d-f + daX{s)p{s)]ds. 

J to ^ s 

Now, using a density argument, we remove the assumption of the differentiability on v and conclude that 
(|44l) holds without this assumption. Using this expression and the inequality X{t) < a/2Ao, provided S < 
(4supa)^^Ag < l/4Ag ^, we estimate 

l|S(t)p||L~([to,to+<5]) ^ '^Ao||w||L-||p||L~([to.to+<5])- (45) 

So B{t) is small, if (5 (AoI|'1'||l°^)~^, as claimed. This shows that d^G^{p, u) is invertible, provided UA(a).z 
is close to V^. Proceeding as in the proof of Proposition [3] we conclude the proof of Proposition [S] □ 



4 A priori Estimates 

Let u{x,t), < t < T be a solution to ^ with initial condition uq £ Ueg and v(jj,t) = X~p^{t)u{x,t), 
where y = X{x — z) — a and T{t) := X^{s)ds. We assume that there exist functions a(T), 6(t), and c(t) 
such that v{y,T) can be represented as 

v{y, t) = Va(r)b{T) + £.{y, t), (46) 



where, recall. 
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where ^(•,t) _L (see (gS])), \-^{t)dt\{t) = a^rit)). Since uq £ U^o, by condition Q 

\\{yr'ay,o)\\o.<\mf. (47) 

In this section we formulate a priori bounds on the fluctuation ^ which are proved in later sections. 
Let the function /3(t) and the constant k be defined as 

/3(r) (6(0)-i + J^^iy' and ^ := min{i (48) 

and let /3(t) be the largest eigenvalue of /?(t). For the functions ^(r), 6(r) and a(T) we introduce the following 
estimating functions (families of semi-norms) 



Mi(r) 

A{T) 
B{T) 



max,<Trn^)ll(2/)"'e(T)|loo, 
max7.<T ||C(t)||oo, 

max.<Tr'(r)|a(r)-i + H^ 
max,<T/3-(i+"H^)IIK^)-/3(r)||. 



(49) 



Proposition 6. Lei ^ 6e defined in (|46p and assume Mi(0), ^4(0), 5(0) < 1, A/2(0) <C 1. Assume there 
exists an interval [0,T] such that for t £ [0,T] 

M{t), A{r), B{t) < r"/'(T). 

Then in the same time interval the parameters a, b and the function ^ satisfy the following estimates 

\-^b{r) + ^-^b'{r)\ < p'{r)+(3^r)A'h{r)il+A{r))+/3''ir)Miir)+l3'PM'/iT), (50) 



and 



B{t) < 1 + Mi(r)(l + A{t)) + M^{t) + Mf (r), (51) 

A{r) < A(0) + 1 + /3(0)Mi(t)(1 + A{t)) + /3(0)M2(t) + /3^P~'{0)Mf{T), (52) 

Mi{t) < Mi(0) + /3t (0)[l + Mi(T)A(r) + M^{r) + Aff (r)] 
+ [M2(t)Mi(t) +Mi(T)Mr'(r)], 



(53) 



AHt) < Ah{0) + /3i/2(0)Mi(0) + /3^(0)Mi*(T)M|(r) + M|(t) + (r) 
(0)[1 + M2(r) + Mi(r)A(r) + M2(r) + Mf (r)]. 

Equations (|50l) - ([5^ . ([55]) and ([Ml) will be proved in Sections [71 [TU] and [TT] respectively. 

Corollary 7. Lei ^ be defined in (H5[) anc? assume Mi{0), A{0), B{0) < 1, Af2(0) ^ 1. Assume there exists 
an interval [0,T] sttc/i i/iai for t G [0,r], 

Mi(r),A(r), i?(r) < r'^/'(0). 

T/ien m i/ie same time interval the parameters a, b and the function ^ satisfy the following estimates 

Afi(T), A{t), B{t) < 1, M2(r) « 1. (55) 

(In fact, M,{t) < M,(0) + ;3t (0), i = 1, 2.) 
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Proof. Since /3(t) < /3(0) < 1, we have 

Mi(r), B{t), A{t) < r*(0) < /3-^(t), (56) 

where, recall, the definitions of /?(r) and k are given in (H5)) . Thus the conditions of the proposition above are 
satisfied. Since Mi(r) < /^"^(O), we can solve ((52)) for A(t). We substitute the result into Equations ([53]) - 
([Ml to obtain inequalities involving only the estimating functions Mi (r) and M2 (r) . Consider the resulting 
inequality for M2{t). The only terms on the r.h.s., which do not contain /3(0) to a power at least k/2 as a 
factor, are M|(r) and M^{t). Hence for Af2(0) < 1 this inequality implies that M2(t) < M2(0) + /3* (0). 
Substituting this result into the inequality for Afi(r) we obtain that Mi(t) < Mi(0) + /3'5(0) as well. The 
last two inequalities together with (|5ip and ([52]) imply the desired estimates on A{t) and B{t). □ 



5 Proof of Main Theorem [T] 

We start with an auxiliary statement which eases the induction step. Recall the notation Itg^s ■= [to, to + S]. 
We say that X{t) is admissible on Itg.s if A G C^{Ito,s,^~^) and X^^dtX € [1/4,1]. Recall that t^, is the 
maximal existence time defined in Section [TJ 

Lemma 8. Assume u G C^{{0,t.^,), {x)^L°°), to G [0,t^^,) and u\„{-, to) 'G 11^^/2 for some Xq and for given 
in Proposition\^ Then there are S = 6(Xo,u) > and X{t), admissible on Ita,5, s.t. (j40p and (|4ip hold on 

Proof. The conditions u S C^{{Q,t^,),{x)'^L°°) and u\g{to) £ imply that there is a (5 = 5{Xo,u) 

s.t. u e Z^to.<5,eo Ao,ao ■ By Proposition [5l the latter inclusion implies that there is X{t), admissible on 
Ito,s, A(io) = a'o, s.t. (gni) and ^ hold on It^^s. □ 

Choose bo so that C||6o|P < ^^o with C the same as in ([4]) and with eo given in Proposition [3l Let 

_ 2 

vo{y) '■— Aq ''"^ 1*0(2:0 + Ag^^y). Then vo G ^ieo' condition (|4]) with m = 3, on the initial conditions. Hence 
Proposition [3] holds for vo and we have the splitting (^5)) . Denote g{vo) —■ (a(0), 6(0), z(0)). 

Furthermore, by Lemma[8]there are Si > and Ai (i), admissible on [0, 61] , s.t. Ai (0) — Xo and Equations 
(Uni) and (|¥T|l hold on the interval [0,(5i]. Hence, in particular, the estimating functions Mi(r), M2(t), A(r) 
and B{t) of Section 5 are defined on the interval [0, i5i]. We will write these functions in the original time t, 
i.e. we will write Mi{t) for Mi(r(t)) where r(t) = X'^{s)ds. 

Recall the definitions of /3(r) and k given in (H5|) . Since /3(0) is the largest eigenvalue of b{Q), by 
Equation (g]) and Proposition El ^(0), Mi(0) < 1 and M2(0) < 1, while 5(0) < 1, by definition. We have, 
by continuity, that 

Miit), A{t), B{t)<r^{0), (57) 

for a sufficiently small time interval, which we can take to be [0, (5i]. Then by Corollary [7] we have that for 
the same time interval 

Mi{t), A{t), B(t) < l,M2{t) < 1. (58) 

Equation ([58)) implies that uxi(-,Si) e (indeed, by the definitions of Mi{t) and M2{t) we have 

\\{y)-H-u^i{-,t)-Vait)Mt))\\ < Mi{t)\b{t)\^ and ||u(t)||oo < Ap (t)[l + Mi(<) + M2(i)]). Now we can apply 
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Lemma [5] again and find S2 > and A2(i), admissible on [0,5i + S2], s.t. X2{t) ~ Ai(t) for t G [0,Si] and 
Equations (|l0]) and (gl]) hold on the interval [0,Si + 62]- 

We iterate the procedure above to show that there is a maximal time t* < i* (t* is the maximal existence 
time), and a function X{t), admissible on [0,t*), s.t. dlHl) and (gT]) and ([SHI) hold on [0,t*). We claim that 
t* ~ t^, and t* < 00 and A(i*) = 00. Indeed, if t* < and A(t*) < 00, then by the a priori estimate (|58|) 
itA(i) G ?7e(,/2 for any t < t*. By LemmaO this implies that there is (5 > and X^{t), admissible on [0, t* +S], 
s.t. ([40| and (|4T|l hold on [0,t* + d] and A#(t) = A(t) on [0,t*), which would contradict the assumption that 
the time t* is maximal. Hence 



either t* = or t* < and X{t*) = 00. (59) 

The second case in (|59|1 is ruled out as follows. Using the relation between the functions u(x,t) and v{y,T) 
we obtain the following a priori estimate on the (non-rescaled) solution u{x,t) of equation ([1]): 

\Ht)\\oo < X{t)^[l + Miit) + M2{t)l (60) 

where we used the fact '''(^))lloo ^ Mi{t) + A'hit). By the estimate (|58|) above the majorants Mj{t) are 
uniformly bounded and therefore 

hWlloo < A(t)^ for t < i*. (61) 
Moreover ^ and the fact ||(?/)"^C||oo < ||fe(OlP> implied by Afi < 1, give 



HQ,t)\>x{t)-- 



p-1 



c\m\\ 



00, (62) 



as 1 1 , which implies that t* > and therefore ^ t* . 

Now we consider the first case in ([5^ . In this case we must have either t* = = 00 or i* = < 00 and 
A(t*) = 00, since otherwise we would have existence of the solution on an interval greater than [0, t*). Finally, 
the case = = 00 is ruled out in the next paragraph. This proves the claim which can reformulated as: 
there is a function A(i), admissible on [0,t*), s.t. PU)) and (HIT) and ([55]) hold on [0,t^,) and A(t) ^ cx) as 
t t^,. This gives the statements (1) and (2) of Theorem [1] 

By the definitions of A{t) and B{t) in P^j) and the facts that A(t), -B(t) < 1 proved above, we have that 



ait) - i = -^Tr 6(r) + O (/^^(r)) , 6(t) ^ /3(r) + O [p'+^/'ir)) , (63) 



where, recall, r = r(t) = X^{s)ds. Hence a(t) — ^ = 0(/3(t)). Recall that a = X~'^dtX, which can be 

rewritten as X~^{t) = X^ ^ — 2 a{s)ds or A(t) = [Aq"^ — 2 jg* a{s)ds]~^ . Assume t* — 00. Since \a{t) — ^\ — 

0(/3(r)), there exists a time t** < 00 such that Aq"^ = 2 a{s)ds, i.e. A(t) — ^ 00 as t — > t**. This 
contradicts the assumption that A(t) is defined on [0,t* = 00). Hence t* < 00. This completes the proof of 
Statements (1) and (2) of Theorem[T] 

Now we prove statement (3) of Theorem [TJ Equation implies b{t) — > and a{t) — ^ i as t — ^ i*. By 
the analysis above and the definitions of a, r and f3 (see (HH])) we have 



X{t) = {t* - t)-^l + 0(1)), r(t) = - In |r - t|(l + 0(1)), 
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and 

This gives the first equation in ([6]). By (|63|) and the relation c — a + ^ we have the second and third 
equations in ([5]). Finally, let ({t) = z{t) + a{t)/X{t). By (IT51) and ([^5)) we obtain the last equation in 
This completes the proof of Theorem [TJ 

□ 



6 Lyapunov- Schmidt Splitting (Effective Equations) 



According to Lemma |H1 the solution v{y,T) of can be decomposed as (^S)) . with the parameters a and 
6, and the fluctuation ^ depending on time r: 



(64) 



, c = a + i and (^a"''' are defined in the 



in the sense of L^{R'',e"'^y^ /^dy), where Kb := y p.i+yty 
beginning of Section [3l Plugging the decomposition (|64l) into ([20]) gives the equation (see Appendix 2 for 
details) 



Cr = -CabC + AA(e, a, fe) + -F(a, b) 



where 



Cab = -A,y + ay ■ V.y 



2a 



pc 



p-1 p-l + yby' 

a, &) = le + Vabr\i + Vab) ~ - pv!,-'^ 



T{a,b) = 



p-1 



ip - ^) ayjyk 
yby 



Gi 



Vab 



with the functions Tjk (1 < i,k < n) given as 



^ + (c - 2a) - ^— 
c P ^ 1 



Tr 6, 



Gi 



a(p - 1) 



^T^jfc - (c - 2a)6jfe + 



p-1 



Tr6- 



4p 



(p-1)^^ 



W2/)(Er=i(E"=i^..2/.)') 



{p — l)^(p — 1 + yby)^ 
Proposition 9. If A{t), B{t) < ^"*(t) and 1/4 < c(0) < 1, then 



(65) 

(66) 
(67) 



(69) 
(70) 

(71) 



l(y)-'-F|loo - o I \To\ + Y,\r,k\ + /3^ 



(72) 
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ll-^lloo = o |^|ro| + ^|^|r,,| + /3j 



where, recall, (y) :— {1 + yf + ■ ■ ■ + y^) 2 . Furthermore we have for Af — JV{^, a, b) 

Proof. We estimate \\{y)^^T\\oo using the expression of T and the estimates 
The result is 

ll(y)-'-F|loo<|ro| + ^|r,.| + |i&||i. 

Now we estimate Recah the expression of T in Equation We use the estimates 

bjkUjVk 



to obtain that 



Vab 



(p - 1 + ybyy 



Vab 



< 1 



(73) 



(74) 



(75) 



(76) 



To complete the proof we estimate b in terms of /? and B of the first bound. The assumption that 
B < ji^'i implies that ||6|| =/3 + 0(/?^+'5'), which together with estimates ([75]) and ([76|) . implies estimates 
dZH) and dZSl). 



For dZll) we observe that if Kb < 2|^ 
formula = p/^ [(Kb + sO^"' " ^bc"' 
obtain (I7i)) . 



then \M\ < {3P + 2p + p2P-^)\^\P . If Kb > 2|C|, then we use the 
^ ds and consider the cases 1 < p < 2 and p > 2 separately to 

□ 



Recah that = iV^yd'^'^'HVayj)'^'^'", i,j ^O,--- ,n. 

Proposition 10. Suppose that A{t),Mi{t) < p-'i , B{t) < p-'i and 1/2 < c(0) <2forO<T<T. Let 
V = Vab +C be a solution to (pOj) with in L^(K", e~'^l^l^/^dy). Over times < t <T, the parameters 

a and b satisfy the equations 



drb 



4p 



{p-lf 



2b 



Tr6+(c-2a)6 + 7^6(C,a,&), 



= (^ - a) ^Tr 6 + 7^a(^, a, 6), 

a + i 2 P — 1 



(77) 
(78) 



w/iere the remainders TZa and TZb are of the order O (/3^ + /3^A'Ii{l + A) + (3'^ Mi' + /S^pMi^) anrf satis/y 
7e6(0,a,&),7ee(0,a,&) = 0(/33). 
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Proof. We take the inner product of equation (1651) with ^a"*-* to get 

We start with analyzing the T term. The inner product of T with t/)!'-''' gives the expressions 
ip - 1) (t, ) = To (Kb, ) + (GiKft, 



(79) 



By rescaling the variable of integration so that the exponential term does not contain the parameter a and 
expanding Vab in b we obtain the estimates 



1 \ p-1 



p-1 



27r\ 2 



%+0(||6||). 



(Kb, aym'l^l:''') = (4i%(l + 25,k) + (1 - ^Ol^.fc'^ji + (^^) ' + O (||6||) , 

p-l + yby I 



Where we recall Gi 



4pfaba)(s:r=i(E"=ifc.j?/j)') 



(p-i)(.F,0r)) = 
(p-i)(^,<^i'^)) = 

(p-l)(^,0(*-')\=2 



Substituting these estimates into Equation ([7^ gives 



p-1 
p-\ 



— ) " (ro + ^rfcfc) + i?i, 



(80) 



1 \ — 



p-1 



+ i?3 for 1 < i < j < n, 



(82) 



where the remainders i?2 and i?3 are bounded by O (^||&||(|ro| j iTy l) + II^H 

To estimate the remaining terms we differentiate the orthogonality condition , ^a"* ) ~ to obtain 

where the last term is due to the weight e"^'^'^. Now compute 



(e,a.^j,-'HOand |^(C,</>fc)|yp) 



< 



Estimating the right hand side of the second inequality by Holder's inequality and using the definition of 
Ml (r) gives that over times < r < T 

^(e,</)fc)|yp)|=0(|a.|/?2Mi). 
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Next we estimate Or- Since c ~ ^ + a, we have a,- — Cr, and so we find from (j69p 

Cr^O {To + 13^ A) 

for times < t < T, and hence 

Y(^>i'^'^|yP)| =0(/32Mi(|ro|+/32A)) . (83) 

We now estimate the terms involving the linear operator Cabc- Write the operator Cabc as 

pc 



p — 1 + yby ' 



where := ~Ay + ay -Vy + ^ is self-adjoint on L'^{R",e-^\y I) and satisfies £*(/>i ^ = and 

C.i<t)a^'^ — ^^4>a''^ + '^Sij for 1 < j < ^- Projecting Cabc^ onto the eigenvectors 01"°^ and (/)a''^ of £* gives 
the equations 



p — 1 + / p— l\ p— 1 + yby 

/ \ p — 1 + j/oy / p — 1 \ p— 1 + yoy 

Estimating with Holder's inequality gives the inequalities 

\{Cab^.<I^T^)\<\\h\\\\{y)-''iU 

\Uabi.<i^^:'^)\<\\h\\\\{y)-^iu. 



In terms of the estimating functions /3 and Mi, these estimates, after using the above estimate of a-r and 
simplifying in a and c, become 

(£a6e,</'i°"^)</5'Mi (84) 
Cabi,^^i'^)<fi^M^. (85) 



Lastly, we estimate the inner products involving the nonlinearity. Because of (|74p , both (M, (j)'a'^'^ ) and 



/ 

A/", (/)a"''' ^ are estimated by O (|| {v)^'^£,\\to + II (y) '^^lloo) ■ Writing this in terms of /3 and Mi and simplifying 
ives the estimate 

I (n, 01™)) I, I (aA, c^^'>) I < p^Ml + /32PMf . (86) 
Estimates (|5n|) - ([55)) imply that Fq and are of the order 

O I /3(|Fo| + ir^D + + (/3 + |Fo| + P^A) + pHd^ + /J^f Aff 
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By the facts that /3(t) < Pq 1 and A, Mi < (3 2 ^ we obtain the estimates 

|ro| + I^yl ;$ + fi^Miil + A)+ (i^Ml + /S^^Mf 

for the times < t < T. 

Equations and dH?]) yield the fohowing corohary. 

Corollary 11. Let kg := min{l, 2p — 1} and :~ min{5/2, 2p}. Then for m — and 3 



l(y>""-^ll 



(r)[l + A/i(l + A) + Ml + Mf]. 



(87) 
□ 



7 Proof of Estimates ([501)- ([52]) 



Recall that a = c — i. Assume B{t) < /3 2 (r) for r e [0, T] which implies that (3 < b < j3. We rewrite 



equation (f77| as 



2Tr fc 
p-1 



TZb- By the definition of A, the second term on the 



right hand side is bounded by ||6||/3^^ < f3^A. Thus, using the bound for TZb given in Proposition [TUl we 
obtain ((511)) . 

To prove ([51]) we use the inequality /3I < b to obtain the estimate 



'drb-^ 



Ap 



< 



13 + PMi{\ + A)+ 13^ Mf + /S^P^^Mf . 



(89) 



(p-l)2 

Since is a solution to —drl3~^ + 4p(p — 1)^^/ = 0, Equation (15^ implies that 

- /3"^) <I3 + /3Mi(l + A) + /^^Aff + P^P-^Mf. 

Integrating this equation over [0,r], multiplying the result by /3~^~'^ and using that (3{0) = 6(0), gives the 
estimate ^ 

/3-i-''||/3 - 6|| < p^-"' ( {(3 + pMi{l + A)+ (3'^Ml + (3'^^-'^ Mf) ds, 
Jo 

where, recall, n := min{i, ^y^} < 1. Hence, by the definition of (3 and B and the facts that Mi and A are 
increasing functions, ([?T|) follows. 

Define the quantity T := ^ — a rjTr b. Differentiating F with respect to r and substituting for drb 

and ~ Ct. From equations ([77)) and ()78p . we obtain 



a^F = -c(F + 7^c 



p-1 



-Tr 



26 



(p-l)2 p_l 



4P 



Tr 6 + (c - 2a)6 + 7^6 



Replacing 6(c — 2a) by 6F + ^;^Tr b and rearranging the resulting equation gives that 



drV 



2 p- 1 



-Tr6 



TTsTrfe - a+-)7^c - 

p - 1 2 p - 1 



7^b. 
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Let /i — exp I^Jq [0. + + j^^^ dsj . We now integrate the above equation over [0, r] C [0, T]. Then the 
above equation implies that 

At(T)r(r) - At(0)r(0) = / dritiV) ^ f /iTrfe^ds- / (a + i)/i7^e - / -^fiTlbds. 

Jo [P^ ^) Jo Jo ^ Jo P~ ^ 

Use the inequahty < /3 and the estimates of TZt^ and TZc in Proposition [10] to obtain 

|r| < /^"'r(0) + /i-i / ds + f M + + A) + /3^Af2 + /32PMf ) ds. 

Jo "'0 

For our purpose, it is sufficient to use the less sharp inequality 

|r| < Ai"'r(0) + (1 + /3(0)Mi(l + A)+ p\0)Ml + /32p-2(o)Aff ) fi'^ f ^i(3^ ds. 

Jo 

The assumption that A{t),B{t) < I3~^{t), implies that a + i + ^Tr b = 1 + O (/J^A) > i and 
therefore f3~'^fj,~^ < /3~2(0) and iJ,{s) fH"^ {s) ds < ii{t) (5'^ [t) . The last two inequalities and the relation 
max^-2(s)|r(s)| = A(r) lead to 

S<T 



8 Rescaling of Fluctuations on a Fixed Time Interval 

The coefficient in front of |yp in the operator Cab, (|66p . is time dependent, complicating the estimation of 
the semigroup generated by this operator. In this section we introduce new time and space variables in such 
a way that the coefficient of |yp in the new operator is constant (cf [3} 14] [B] [38]). 

Let T be given and let ^(t) be the inverse of the function T{t) := J*X'^{s)ds. We approximate the 
scaling parameter X{t) over the time interval [0,t{T)] by a new parameter Xi{t). We choose Ai(t) to satisfy 
for t<t{T) 

dt {X^^dtXi) = with Xi{t{T)) = X{t{T)) and dtXi{t{T)) = dtX{t{T)). 

We define a := Xi^dtXi — a{T). This is an analog of the parameter a and it is constant. The last two 
conditions imply that Ai is tangent to A at t = t{T). Define the new time and space variables as 

Ai /■* 

z = —y and a = a{t{T)) with a(t) := / A^(s) ds 

Jo 

where t <T, a < S := a{T) and A, Ai are functions of ^(t). Now we introduce the new function r]{z,a) by 
the equality 

Ap7Kz,cT)=AAe(2/,r). (90) 

Denote by t{a) the inverse of the function cr{t). In the equation for ri{z,a) derived below and in what 
follows the symbols A, a and b stand for X{t{a)), a{T{t{a))) and 6(r(t(cr))), respectively. Substituting this 
change of variables into (1651) gives the governing equation for ry: 

daTi = —Laf] + W{a, b, a)ri + F{a, b, a) + N{r], a, b, a), (91) 



NLH, November 22, 2011 



23 



where 



L„ Lo + V, Lo -A, + • V, - 2a, V := ^ - , (92) 

P - 1 p - 1 + z/3z 



p(a + i) 2pa 



-^1 p — 1 + jjzbz p — I + z/3z ' 



W(a, 6, a) 



F{a,b,a) := { — ] F{a,b,c) 



2p 



and 



7V(r,, a, 6, a) (^^^ (^^^ 77, 6, cj , 

where, recah, c and a are related as c = a + ^ and /? is defined in (|48p . 

In the next statement we prove that the new parameter Xi{t) is a good approximation of the old one, 
X{t). The proof is an exact copy of the one in [5]. We reproduce it for completeness. We have 

Proposition 12. If A{t) < l3~i{T) and /3(0) < 1, then 

if Wr))-l|</3(r)</3(0). (93) 

Proof. Differentiating xT — 1 with respect to t (recall that ^ — jr) gives the expression 

dfx \ X Ai 

or, after some manipulations, 
with 

r:=a-a-a^(A_i)2 + („_,)(^_l). 
Observe that -^{t^r)) — 1 = when t = T. Thus Equation (|M|) can be rewritten as 

' - (t(T)) - 1 = - / e- 2a(rtrfpp(^)^^^ (95) 



A 



By the definition of A{t) and the definition a = a{T) we have that, \i A{t) < (3 2 (j), then 
on the time interval r G [0, T]. Thus 



|a(r)-a|, |a(T) - i| < 2/3(t) (96) 



|r|</3 + (l + y)(f -l)'+/3|f (97) 
which together with dHS]) and (IM]) implies □ 
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9 Estimate of the Propagators 



Let P" be the orthogonal projection onto the orthogonal complement of the space spanned by the eigenvectors 
of Lq corresponding to the smallest three eigenvalues. Denote by ^^(r, cr) the propagator generated by the 
operator —P^LaP" on RanP", where, recall, the operator La is defined in The main result of this 

section is the following theorem. 

Theorem 13. For any function g G Ran P" and for cq :— a — e with some e > small we have 

||(^)-3y„(r,a)5||oo < e-^°(---)||(z)-35lloo. 



The proof of this theorem is given after Lemma [TH We observe that in the L^-norm P^LaP" > 
(— A2 + az -V z — 2a)P" > ^aP" . However, this does not help in proving the weighted L°° bound above. 
Recall the definition of the operator Lq := — + az ■ Vz — 2a in (1921) and define Uo{x,y) as the integral 
kernel of the operator e~^'^°. We begin with 

Lemma 14. For fc = 0, 1, 2, 3, 4, any function g and r > we have that 

||(2)-'=e-^«'-g||^<e2-||(^>-'g||oo (98) 

or equivalently 

J{x)-''Uoix,y){y)''dy<e^''-. (99) 



Proof. We only prove the case k — 2. The cases fc = 0,4 are similar. The cases fc = 1,3 follow from 
fc = 0,2,4 by an interpolation result. For the case fc = 2, using that the integral kernel of e"""^" is 
positive and therefore ||e"''^''5||oo < ||/~\g||oo||e"''-^°/||oo for any / > and using that e"''^"! = e^"''l and 
e~''^°{a\z\'^ -n) = {a\z\'^ - n), we find that 

ll(^>-'e--^"5llco < \\{z)-^e-^^"{\z\^ + l)\U\{z)-^gU 

= ||(z)-2[e2-(S + 1) + - §)]||oo||(^)-^5l|oo 
< 2(^ + l)e2"-||(z)-25||^. 

This implies (|98|) . To prove (|99|) we use that UQ{x,y) is, by definition, the integral kernel of the operator 
e"''^°, and take g{x) = (x)'' in ^ to obtain □ 

Next we prove a more refined bound on the free evolution e"''^". 
Lemma 15. For any function g and positive constant r we have 

||(z)-3e-'--^«P"o|| ||(z)-3o|| . 

Proof. First, we decompose the projection P" in a convenient way. We write the operator Lq as 



Lo = J2 - 2"' wl^ere L^^^ ^d^ + azkd,, . (100) 
fc=i 
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The spectra of the operators Lq'^'' are: 



ai^L^"^^ ={ma| m = 0, 1, 2, . . .} . 



(101) 



Let Pq*^-* , Pj'-'"-' and Pj''^ be the orthogonal projections onto the eigenspaces of the operator Lq^' corre- 
sponding to the first, the second and third eigenvalues of Lq''\ respectively, and let 

p(fc) 1 p(fe) p(fe) pC^) 



(fc) 



Then for any fc, we have 



P 



(fe) 



1, P^^^ 



1-P 



(fc) 



J 



P 



P 



(fe) 



(fe) 



1 p(^) pC^) 



pf-)+pf) + pf = 1, 



p(fc) _ -I 



(102) 



Let i = (ji,i2, ■ ■ ■ *j = 0, 0', 1, 1', 2, 2', 3, |i| — J2^=i where the primed numbers are counted 

as the usual ones, andP- = /^^'^/^f •••P/;^ For every fc g {1, • • • , n}, we introduce the set 

/fe = 4"^ = (ii,- •• ,i„)|either|?| = 3 andife 7^ 0', 1', 2', or 1^1 < 3 and 7^ 0', 1', 2' VI < j < n}. 
Then we have the following lemma, whose proof is given in Appendix 2: 
Lemma 16. For any I < k < n, there exists a subset Jfe of Ik such that 1 = X^iej^ ^i- 

Since for any k 

E 

?e-ffc:l?l=j,ii#0',i',2' V/ 

is the eigenprojection corresponding to the j— th eigenvalue of Lq, j — 0, 1, 2, we have, by the definition of 
P" and Lemma (THl that 

Vfce {1,2,--- (103) 

\i\=3,ieJk 

Equations pIIO)) and (ITU5)) give 



^-rLo pa 



|i|=3,ie Jib 



E n 

|i|=3,ieJfc J-1 



(104) 



In the following, it is convenient to use the notation zq := 1. By the inequality (z)^ < X]fc=o NfePj ^® 



have 



\— 3„ — rLo pQ/,\3|| <; 



2^-3g-rLopay^ 



< 



(105) 
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where Ak = \\{z)-^e-''^°P"\zk\^ 
that for < fc < n, 



for < A: < 71. Now by piH)) and (z)'^ < nLi(-Zj)"*^ we obtam 



i6Jfc,|i|=3 

jfc,!*!— 3 

-2ar 



n( 



zejfc, 1^1-3 



n 

no 



We claim that, if i G Jfe, then 



(106) 



-rL<^' p(i) 

-i,arr>U) jg (jyg |;j^g definition of P}^\ 

Ij ij 

(see Appendix 2). If j 7^ fc (which is, in particular, the case when fc = 0), the proof is similar. Then by the 



Indeed if j = fc > 1, then it ^ 0', 1', 2'. For ij = 0, 1, or 2 (fT06)) follows from the relation e"''-^" P, 
^-ijarpij) ^jj^jgjj jg due to the definition of pI^\ For ij = 3 it is proved in [6^ using integration by parts 



above two inequalities and the relation X]j=i h ~ Kl ~ ^' obtain 

for < fc < n. 

Equations (|105p and (|107p imply the statement of the lemma. 



(107) 
□ 



Next, we estimate the propagator ?7q(t, a), generated by the operator —La. 
Proposition 17. For any function g and positive constants a and r we have 

II {zy^Uaia + r, a)P"5lloo < [e^"V(l + r)p'/'{<7) + e-"^]\\ {zy^glU 



(108) 



Proof. Let Bx, A G -jZ", be a collection of semi-open, disjoint boxes centered at A, of sidelength R, whose 
union is R". We take R < ^j^. Let g\{x) — g(x)x\{x), where X\{x) is the characteristic function of Bx. 
Then g{x) Y,x9\ix)- Let 



E{x,y) 



- /J^'' V{a+s,ui(s)+uio{s))ds 



dfi{uj) 



(109) 



where dfi{uj) is an n-dimensional harmonic oscillator (Ornstein-Uhlenbeck) probability measure on the con- 
tinuous paths u! : [a,a + r] ^ M. with the boundary condition w(cr) = U!{a + r) — and 



It is shown in the Appendix that 



— ga(r-s)_ 



-X + e''^"-"^ ^y. 



\dyEix,y)\<rP^^ 



(110) 
(111) 
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Recall that ?7q(t, a) is the evolution generated by —La- Let U{x, y) and l7o(x, y) be the integral kernels of the 
operators Ua{cr + r^a) and e"*"^", respectively. By Feynmann-Kac formula (|154l) . proved in the Appendix, 
we have that U{x,y) = Uo{x,y)E{x,y). Then 



where 



and 



U^{a + r,a)P''g{x)^ j U^{x,y)E(x,y)P'^g{y)dy (112) 
= Y,I M^. y)Eix, y)P"gxiy)dy A{x) + B{x), (113) 

A{x) / Uo{x,y)E{x,X)P''gx{y)dy 

B{x) :^Y1 J Uo{x,y)[E{x,y) ^ E{x,X)]P"gx{y)dy. 



First we estimate the function A. We rewrite A{x) = J Uo{x,y)P°'gx{y)dy — (e ^^"P^gx) (x) with 
9x{y) = J2\ ^i^j ^)9^iy)- Now by Lemma[T5]we have 



(x)-3A|L = ||(x)-3e-'-^°P"gJ 



oo 



<e-^^snp\{y}-'g,{y)\. 



y 



Since |£'(a;, A)| < 1 and g^'s have disjoint supports), we obtain |(?a;(y)| ^ X^a ~ IffI- ^^^^ 
inequalities give 

l|(^)"'^L^e""1l(^)"'5L- (114) 

Next we estimate the function B. Using Uo{x, y) > 0, (jllip . Mean Value Theorem and the fact that the 
diameters of B\ are not greater than 1 + r, we obtain 

|i?(x)| <r(l + r)/35 J Uoix,y)J2\P"9xiy)\dy^ril + r)(3-^ (^e-"^"^" |P"5A(y)| j (x). (115) 

Thus by (|115p . Lemma [HI and the relation \g\ — \gx\, 

II (^)"'^lloo ^ + ||(^)^'5L • (116) 

Combining (|113p . (|114p and (|116p . we obtain the estimate (|108p . This proves Proposition [TTl □ 

We will also need the following lemma 
Lemma 18. 

\\{z)-'^U„{T,a)g\\^ < e2"(^--)||(z)-'=5||^ (117) 

with k = or 3. 
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Proof. By Equations ([TTOl) and (ITMl) we have that \Ua{T, a)\{x,y) < e~^°^^~''\x,y). Thus we have 

||(z)-'=[/„(T,a)5||oo < ||(z)-'=e-^«(---)|5l||oo. (118) 
Now we use Lemma [T3] to estimate the right hand side to complete the proof. □ 

Proof of Theorem 1131 RecaU that Pa is the projection on the span of the three first eigenfunctions 
of the operator Lq and := 1 — P". We write 

La^P"LaP°'+P"LaP'' + Ei, (119) 

where the operator Ei is defined as Ei :— P^LaP" + P^XqP"- Using that p'^P"' — 0, we transform Ei as 

rp pa 2pazj3z ^ pa _ pa 2paz0z ^ pa 

1 ^ ip-l){p-l + z^z) (p_l)(p_l + 2;3z) 

This relation implies that 

\\{z)-^EM'^)\U < /3(T(a))||(z)-3^(a)|U. (120) 
We use the Duhamel principle to rewrite the propagator Vq((Ti,CT2) on RanP" as 

Vaia,,a2)P" = C/a(ai,a2)P" - f ' U^ia,, s)EMs,a2)P''ds. (121) 

Let r = (Ti — (72, .9 G Ran P°' and ri{(Ti) := Vaici, 0-2)9- We claim that if e"'' < f3{T{a2))~'^^^ then we have 

\\{zrS{^i)\\oo < e-"n|(z)-3r;(a2)||oo. (122) 
To prove the claim wc compute each term on the right hand side of (|12ip . 

(A) Notice that P"77(s) = ri{s). We use Proposition [T71 to obtain for e"'' < ;9(r(CT2))"^/** that 

\\{z)-'Ua{cT,,a2)g\\o. < e-"ni(;^)"'5lloo. (123) 

(B) By Lemma [Island p20| we obtain 

\\{z)-' C Uaiaus)E^rjis)ds\\^ < J^^^ e^'^('^^-^^(3{^^^^^ 

Using the condition e""" < (3{(72)~^^^ and the relation /3{t{s)) < /3(t(o'2)) for s > a2 again, we find 

\\{z)--' r Ua{aus)E^r^{s)ds\\oo < H e'"'^'''-'^ P{Tis))i\\{z)-'^{s)\\ds. (124) 



CT2 



Equations and imply for e"'^ < /3-i/*^(T(cr2)) that (remember that ri{a2) = .g) 

ll(^)-'^(^)lloo < e"-|l(z)-V^2)||oo+/;e-"(--);3(T(s))^||(.)-Vs)|Ms. (125) 
Next, we define a function iir(r) as 

K{r) max e"^|i (z)-3^(a2 + s)\\. (126) 

0<s<r 
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Then implies that 

Kiai-a2)<\\{z)-''vi<J2)\\oo+ I ' P{t{s))^ dsKiai - a2). 

J (72 

We observe that ^ 

l3{T{s)f^ds < 1/2 

0-2 

if e"^ < f3{T{a2))~^^^ and if /3(0) <C 1 and, therefore, /3(t(s)) = — are smah. Thus we have 

K{cTi~a2)<\\{z)-^vi'J2)\\oo, 
which together with Equation (|126p imphes (|122p . Writing 

with (Ti = T, CTm = c and Ict; — (Ji+il = r such that e"'' < l3'^/^{T{ak)) Vfc and iterating (jl22l) completes the 
proof of the theorem. 

□ 

10 Estimate of Mi(r) (Equation 

In this subsection we derive an estimate for Mi{T) given in Equation ()53p . Given any time r', choose 
T — t' and pass from the unknown ^(y, r), r < T, to the new unknown rj{z, a), a < S, given in ()90p . Now 
we estimate the latter function. To this end we use Equation ([^1]) . Observe that the function 77 is not 
orthogonal to the first three eigenvectors of the operator Lq defined in (|92|). Thus we apply the projection 
P" to Equation (|9T]) to get 

, 4 

— P"7; = -P"L„P"77 + P"yi?fc, (127) 
da 

fc=i 

where we used the fact that are r-independent and the functions = Dk{u), k = 1,2, 3, 4, are defined 
as 

Di := -P"Vr] + P^VP'^T], D2 := W{a, b, a)r], 
-.^ F{a,h,a), D4 := N{ri,a,b,a), 
recall the definitions of the functions V, W, F and N after 
Lemma 19. If A{t), Bi{T) < /3^t(T) for t <T and \\bo\\ ^ 1, then we have 

\\{z)-^D,{a)\\o. < p^'\T{a))Ah{T), (128) 

\\{zr^D2{a)\\^ < /32+t(r(a))Mi(T), (129) 
-3^3(^7) II 00 < /3"""{5/2,2p}(^(^))[^ ^ Mi(r)(l + A{T)) + MliT) + Mf (T)], (130) 

||(^)-^i?4||oo <P\T{a))M^{TW/\T{a))M^{T) + M2{T) 

+f5'-^{T{cj))Mr\T) + Mr\T)]. ^ ' 
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Proof. In what follows we use the following estimates, implied by (|93p . 

^{tir)) - 1 = 0(/3(r)), thus ^(t(r)), A(i(^)) < 2, (z)-^ < (y)-3 (132) 

where, recall that z :— ^y- We start with proving the following two estimates which will be used frequently 
below 

IkMlloo < /3^/'(r(a))Mi(T(a)) + M2(T(a)) </3i/2(^(^))Mi(r) + Af2(r), (133) 
ll(^>"'^MIIoo < f3^r{a))M,{r{<j)) < l3\r{<j))M,{T). (134) 
Denote by x>d and x<d the characteristic functions of the sets {|a:| > D} and {|a;| < D} : 

X>d{x) I J; and x<D 1 - X>D. (135) 

We take D :— where C is a large constant. Writing 1 = 1— x>d + X>d and using the inequality 
1 — X>D ^ P^^^'^[T){y)^^ , the relation between ^ and 77, see ((90|) . and Estimate (|132l) we find 

IhWIloo < lie(r(a))|U <r^/^(r(a))||(2/)-3C(T(a))|U 

+ \\x>D^{r)\U < l3'/^{T{a))M,{T{a)) + M2(r(a)) ^'''''^ 

which is (|133p . Similarly recall that z = which together with ([TO]) and (|132l) yields 

ll(^>-'^(^)lloo < ||(y)-'e(r(a))||^ < /32(r(a))Mi(r(a)) < /32(r(a))Mi(T). 

Thus we have p34t . 

Now we proceed directly to proving the lemma. First we rewrite Di as 

Di(a) = -P" i- — -^-^ 1 - P°')t](<t). 

{p-l)ip-l + z/3{T{<j))zy 

Now, using that {z)-^^;zTf^ < ll^ir^^ and that ||6|| < (3, we obtain 

II(^)-'^i('t)IIoo < /3i/^(r)||l(z)-2(l-P")r7(a)||oo. 



Next, because of the explicit form of P" := 1-F", i.e. = |0o,a)('/'o,a|+^ l4'L)(0i'Ll+X! + 



1*^2 q) ('^2 Q I' where a are the normalized eigenfunctions of the operator Lo := —Az + az-dz^2a, 
we have for any function g 

ll(^)"'^^"5ll=o<||(^)-'5lloo. (137) 
Collecting the estimates above and using (|134p . we arrive at 

||(;^)-'^i(fT)||co < /3i/2(r(a))||(z)-^(f7)||eo < /3^/^(r(^))Afi(T). 
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To prove (|129p we recall the definition of D2 and rewrite it as 

P(a + i) , p{a-a) - l)yby 



D2 ={[t2 



' p — 1 + yby ' p — 1 + yby ' {p — I + zbz){p — 1 + yby) 
^ Pj'x-^) ^ 2p(a-l) ^ pz0-b)z 

p-l + yby p~l + zi3z {p - I + zbz){p - 1 + zf3z) 

Then Equations (HS]), dMl) and the definition of B in (|49]) imply 

||(z)-^i?2(a)||.o</3*(r(a))||(z)-3^(a)|U. 

Using (fT34| we obtain (fTM)) (recall n min{i, ^}). 

Now we prove (|130p . By (|132p and the relation between Da, F and we have 

II (z) -37^3(^)1 1=0 < ||(y)-3j-(a,6,c)(r(a))||^ 

which together with (|88|) implies (|130p . 

Lastly we prove (|13ip . By the relation between D4, N and Af and the estimate in (l74l) we have 

ll(^>-'^4(^)||oo < ||(y)-W(e(r(a)),6(r(a)),c(r(a)))|U 

< ll(y)^'e(r(a))||ooK(r(a))||oo+eW^))||?o-i]. 

Using (|136p and the definition of Mi we complete the proof. □ 

Below we will need the following lemma. Recall that S :— a{t(T)). 
Lemma 20. If A{t) < /?^'3'(t), then for any ci,C2 > there exists a constant c{ci , C2) such that 

\~--^'-^^p--{T{t{cT)))d<j < C{CI,C2W{T). (138) 

Proof. We use the shorthand t((t) = T{t{a)), where, recall, t{a) is the inverse of a{t) = j^\\{k)dk and 
T{t) = \^{k)dk. By Proposition [H] we have that \ <^<2 provided that A{t) < /3"'?(t). Hence 

icT < r(cr) < 4(7 (139) 
which implies \^ --^ < 1 ^ , — . By a direct computation we have 



s 

e" 



-i(^-)/3-^(T(a))da < c(ci,C2)-^^4— — . (140) 



,_^j£_.SMC2 



Using (jl39p again we obtain 45* > t{S) >\S which together with implies (IT^ . □ 
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Recall that Va{t,s) is the propagator generated by the operator —P^LaP". To estimate the function 
P^T] we rewrite Equation (|127l) as 



4 

P'^viS) = V^{S,0)P"v{0) + Vo.{S,a)P^Dr,{a)da 

1 Jo 



which implies 
with 



||(z)-3p",y(5)||^<ifl+if2 (141) 



:= ||(z)-^K.(5,0)P"77(0)||oo; 

4 .S 

Using Theorem [T31 equation (|134p and the slow decay of /3(t) we obtain 

Ki < e-^'o^W (z)-3p"^(0)||^ < e-^«^|| (z)-=^r,(0)||oo < I3^T)M,{0). (142) 

By Theorem [T3l equations (fT28l) - (IT3T|) and e-''«'-^'''''> /3'^{T{(T))da < I3'^{T) (see Lemma [20| we have 

^2 < /3^(r){/3t(0)[l + Mi(r)A(T) + M2(T) + Aff(T)] 

+ [M2(T)Mi(T) + Mi(T)Afr'(r)]}. ^ ' 

Equation ^ and the definitions of S and T imply that Xi{t{S)) = A(t(T)), z = y, //(S*) = ^(T), and 
pa^ _ consequently 

\\{z)-'P'^viS)\\oo^\\{y)-HiT)\U (144) 
Collecting the estimates (I14ip - p44p and using the definition of Mi in (|49p we have 

Mi(r) := supr'(T)||(j/)-3e(T)||oo 

< Mi(0) + /3t (0)[1 + Mi(r)A(T) + Af2(r) + A/f (T)] 
+M2{T)Mi{T) + A/i(T)Aff"^(T) 



which together with the fact that T is arbitrary implies Equation ([5^. 

□ 



11 Estimate of M2 (Equation ([MD) 

The following lemma is proven similarly to the corresponding parts of LemmalTOland therefore it is presented 
without a proof. 
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Lemma 21. If A{t),B{t) < [3 2 (r) and bo 1 and Dk{(j), k = 2,3,4, are the same as in Lemma \19[ 
then 

||i?2(a)||oo < (r(a))[/3i/2(r(a))A/i(T) + AhiT)]; (145) 
p3(a)||oo < r^^^'-^^'-'Hriami + Mi(T)(l + A(T)) + M^T) + Mf (T)]; (146) 
\\D4{a)\\oo < P{T{a))M!{T) + MI{T) + 13^/' {T{a))Mf {T) + M^{T). (147) 

To estimate M2 it is convenient to treat the z-dependent part of the potential in as a perturbation. 
Let the operator Lq be the same as in |9T|) . Rewrite (|9T|) to have 

77(5) = e-(^''+l^)^??(0) + / e~'^^°+^^'^'^-''\V2v{<j)+J2Dk{<j))d<7, (148) 

where, recall S := a{t{T)), V2 is the operator given by 

2pa 



and the terms D„, n — 2,3,4, are the same as in ()127p . Lemma [T4l implies that 

||e-(^o+|^).^||^ ^ e-l^^\\e-^oSg\^^ < e-^^||5||^ 

for any function g and time s > 0. Hence we have 

\\viS)\\oo < Ko + Ki + K2 (149) 

where the functions Ki are given by 

:= e-l^^||77(0)|U; 



Ki ■■= I e-F^(^-'^)|1^2r?(a)|Uda, 
Jo 

r 



4 



We estimate the i^n's, n = 0, 1, 2. 

(KO) We start with Kq- By (I133P and the decay of e~p^'^ we have 

Ko < Af2(0) + /3^/2(0)Afi(0). (150) 

(KI) By the definition of V2 we have 

\\V2vi<y)\\o. <\\--7^{z)-M^)\U 

P{T{a)) 
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Moreover by the relation between ^ and rj in Equation (piT)) and Proposition [T^] we have 

max llyaryMlloo < max \\^{y)''^^{T)\\^ 

U<.cr<.o 0<.r<.i p 

< max i(||(y)-3e(r)||oo)^(e(r)||oo)^ 
</3^(0)Mi^(T)M|(r). 
Therefore we obtain ^ 

K, < max ||l/2ry(a)||oo / e'^^f^-'^^da 

o<<T<s ^ ^ 7o (151) 

< /3*(0)Mf(T)M|(T). 

(K2) By the definitions of D^, k = 2, 3, 4, and Equations ([T45l) - (fT47| we have 

EL2ll^^(^)lloo < /3t(r(a))[l + M2(r) + Mi(r)A(T) + Mf(T) + Aff(T)] 
+Mi{T) + MP{T) 

and consequently 

K2 < /3t(0)[l + M2(r) + Afi(r)A(T) + Af2(r) + Aff(T)] 
+Mi{T) + MP{T). 

Collecting the estimates (|149p - (|152p we have 

lkK^)lloo < A/2(0) + /3V2(o)Mi(0)+/3^(0)Mi^(T)M|(r) ^53^ 

(o)[i + Af2(r) + Ari(r)A(T) + M2(r) + Aff (T)] + Af|(r) + a/Kt). 



The relation between ^ and rj in Equation (I90p implies 

mnioo ^ us)\\^ 

which together with (|153l) gives 

JVh (T) < Af2 (0) + (0) A/i (0) + /33 (0) ATjS (T)m| (T) + A/| (T) + Aff (T) 
+/3t(0)[l + A/2(r) + Afi(r)A(T) + M2(T) + Aff (T)]. 

Since T is an arbitrary time, the proof of the estimate ([51]) for Af2 is complete. 



Appendix 1: Feynmann-Kac Formula 

In this appendix we present, for the reader's convenience, a proof of the Feynmann-Kac formula U{x,y) — 
UQ{x,y)E{x,y) and the estimate (lllip used in section [9] (cf. [2j[6]). For stochastic calculus proofs of similar 
formulae see [3 [H [25l [26l |42] . 

Let Lq :— — Ay + — f and L := Lq + V where y is a multiplication operator by a function V{y, r), 

which is bounded and Lipschitz continuous in t. Let U(T,a) and Uo{T,a) be the propagators generated 
by the operators —L and —Lq, respectively. The integral kernels of these operators will be denoted by 
U{T,a){x,y) and [/o(t, cr)(x, y). 
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Theorem 22. The integral kernel ofU{T,a) can be represented as 

UiT, a){x, y) = {/o(r, a){x, y) f e^^ VMs)+u.{s),s)ds^^^^-^ ^^54) 



where is a probability measure (more precisely, a conditional harmonic oscillator, or Ornstein-Uhlenbeck, 

probability measure) on the continuous paths uj : [cr, r] — > K" with w(ct) = w(r) = 0, and ujq{-) is the path 
defined as 

plaa plOLS ^2ar plots 

cjois) = e"(^-^) —X + e"(^-^) —y. (155) 



Remark 1. d^{uj) is the Gaussian measure with mean zero and covariance {—d^ + ce^) ^, normalized to 1. 
The path uio{s) solves the boundary value problem 

{~d^ + oi^jujo ~ with uj{(t) — y and uj{t) — x. (156) 

Below we will also deal with the normalized Gaussian measure dfj,xy{uj) with mean uJo{s) and covariance 
(— 9^ + a^)^^. This is a conditional Ornstein-Uhlenbeck probability measure on continuous paths uj : [u, r] — >■ 
R" with Lo{a) = y and uj{t) = x (see e.g. JM 13 \4^)- 

Now, assume in addition that the function Vly, r) satisfies the estimates 

V <0 and \dyV{y,T)\ < pi (t) (157) 
where /?(t) is a positive function. Then Theorem 1221 imphes Equation (|llip by the foUowing corohary. 
Corollary 23. Under {T5T\j , 

\dy f e^^^^^°^'^+^^'^''^'^'d^l{LJ)\<\T^a\ sup /3^(t) 

J a<s<T 

Proof. By Fubini's theorem 

dy f e^-"^("''(^)+"(^)'^)''^dM(cj) = / dyiT V{uJo{s)+uJ{s),s)ds]e^^^'^'^°'^''>+^'^'^''^'''d^iiuJ) 



Equation (|157l) imphes 

\dy f V{uJois)+uj(s),s)ds\<\T-a\ sup (t), and e-''-^ ^("''(^)+"(")'")''" < 1. 

Thus 

\dy f ef^^^^°^'^+^^'^''^'^'dfi{uj)\<\T-a\ sup /35(t) f dfi{uj) = \t - a\ sup p^r) 

J Cr<S<T J (7<S<T 

to complete the proof. □ 
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Proof of Theorem dH We begin with the following extension of the Ornstein-Uhlenbeck process-based Feynman- 
Kac formula to time-dependent potentials: 

UiT,a)ix,y) = Uo{T,a){x,y) [ e^^ ^^d^i^.H. (158) 



where dfj,xy{w) is the conditional Ornstein-Uhlenbeck probability measure described in Remark [T] above. 
This formula can be proven in the same way as the one for time independent potentials (see [22] . Equation 
(3.2.8)), i.e. by using the Kato- Trotter formula and evaluation of Gaussian measures on cylindrical sets. 
Since its proof contains a slight technical wrinkle, for the reader's convenience we present it below. 

Now changing the variable of integration in (|158|) as lo = loq + u , where uj{s) is a continuous path with 
boundary conditions uj{cr) — uj{t) — 0, using the translational change of variables formula / /(w) d^xyi^) = 
J /(wo d^(uj), which can be proven by taking /(w) = e*<"'^> and using (I156p (see [221, Equation (9.1.27)) 
and omitting the tilde over w we arrive at ()154|) . □ 

There are at least three standard ways to prove (|158|) : by using the Kato- Trotter formula, by expanding 
both sides of the equation in V and comparing the resulting series term by term and by using Ito's calculus 
(see [26l|42l|4TJ[22]). The first two proofs are elementary but involve tedious estimates while the third proof 
is based on a fair amount of stochastic calculus. For the reader's convenience, we present the first elementary 
proof of (dnSl). 

Before starting proving (|158l) we establish an auxiliary result. We define the operator K, as 

lC{cr,S):= Uo{a + 6,a + s)V{<T + s,-)Uo{cr + s,a)ds-Uo{a + 6,a) V{a + s,-)ds (159) 



Lemma 24. For any ^ £ we have, as 5 0^ , 

sup ||i/C(a,(5){/(a,0)e||2 ->0. (160) 

0<a<T 

Proof. If the potential term, V , is independent of r, then the proof is standard (see, e.g. PTj). We use the 
property that the function V is Lipschitz continuous in time t to prove (jl60p . The operator K, can be further 
decomposed as 

/C((T, 5) = /Ci(a, 5) -\- /C2((7, 5) 

with ^ 

/Ci(cr,(5):= / Uo{a + 5,a + s)V{a,-)Uo{a + s,a)ds ~ 5Uo{a + 5,(j)V{(T,-) 
Jo 

and 

K.2{a,5):= / Uo{a + 5,(j + s)[V{a + s,-) -V{a,-)]Un{a + s,a)ds ~Uo{a + 5,a) [V{a + s,-) ~V{a,-)]ds. 
Jo Jo 

Since Uo{T,a) are uniformly L^-bounded and V is bounded, we have U{t,<j) is uniformly L^-bounded. 
This together with the fact that the function V{T,y) is Lipschitz continuous in r implies that 



ll^2(a,<5)|U^^L2 <2 / sds^S^ 
Jo 
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We rewrite JCi (cr, S) as 

/Ci(ct,(5) ^ [ Uoia + 5,<7 + s){Via,-)[Uoia + s,a) - 1] - [Uo{(J + s,a) - l]V{ar)}ds. 
Jo 

Let ^(ct) — U{a, 0)^. We claim that for a fixed a <E [0, t], 

||/Ci(a,J)e(a)||2 -o((5). (161) 

Indeed, tlie fact £_q £ implies that LQ^{a), LaV{(T)S,{(T) e L^. Consequently (see [ID] 1 

(?/o(g + s,g)-l).9 ^ ^ 
hm ^ Log, 

s-i-0+ S 

for g = ^(cr) or l^(cr, y)^((T) which implies our claim. Since the set of functions {C(o')|o' G [0, t]} C LqL^ is 
compact and ||jJ^i(o', (5)||j;,2_j.2.2 is uniformly bounded, we have (jl61l) as (5 ^ uniformly in cr G [0,r]. 

Collecting the estimates on the operators JCi, i — 1,2, we arrive at (|160p . □ 
Lemma 25. Equation (|158p holds. 

Proof. In order to simplify our notation, in the proof that follows we assume, without losing generality, 
that a — 0. We divide the proof into two parts. First we prove that for any fixed ^ G the following 
Kato- Trotter type formula holds 



f/(r,0)^= lim n Uoi'-±lr,K)J^^ "^^'^ (162) 

0<k<m-l 



in the L space. We start with the formula 

(k + l)T 



(7(r,0)- II [/o( T, — r)e ™ 

^ ^ mm 

0<fc<m-l 

(fc+l)T- 



[/( T, — r)- M [/o( r, — T)e- 

TO m TO TO 

0<fc<m-l 0<fe<m-l 

(fc+l)T 

2^ 11 Ua{ T, — T)e ™ AjC/(— T,0) 

— ' mm TO 

0<j<rn j</e<m— 1 



with the operator 



Aj:=C/o T, — r)e ™ - C/ r, — t). 

TO TO TO TO 

We observe that ||J7o('''j cr)||L2^L2 < 1, and moreover, by the boundness of V, the operator [/(r, cr) is 
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uniformly bounded in t and a in any compact set. Consequently 

(fc+l)T 



-i-r k + 1 k fi"' V(y.s)ds 

mm 

0<k<m-l 

(fc + i) 



< maxm Uo{ r, — rje ™ r, 0)4 2 

j mm m 

j<k<7n—l 

< m max + /C( — t, — t)||l2^^2 + max?7i||/C(— t, — t)U{ — , 0)^||2 

j mm j m m m 



where, recall the definition of K, from (jl59p . Now we claim that 



m m m^ 



Indeed, by the Duhamel principle we have 

C/(^T, ^r) - C/o(^r, ^r) + / " ' C/o(^r, s)Viy, s)U{s, ^T)ds. 
mm mm J ±t 

Iterating this equation on U (s, ^r) and using the fact that U (s, t) is uniformly bounded if s, t is on a compact 
set, we obtain 

|j[/(l±lr, ^r) - C/o(^r, ^r) - [/o(^r, s)V{y, s)Uo{s, < i^. 

mm m m Jq m m 



On the other hand we expand e >" and use the fact that V is bounded to get 



(J + 1)t 



ll'^ol— ::— T, — rje ™ ^ f^o(— ::— T, — r) - C/o(— ;^T, — t) / V^(2/, s)rfs|lL2^L2 < — . 



mm mm mm J iz. m 

By the definition of JC and we complete the proof of pM)) . Equations ([TM)) and pM)) imply ([TB^ . 

This completes the first step. 

In the second step we compute the integral kernel, Gmix, y), of the operator 

(fc+l)T 

T-r k +1 k ft " V(-,s)ds 

G„r.= n ^o(^r,-T)e% 
mm 

0<fc<m-l 

in (jl62p . By the definition, Grn{x,y) can be written as 

/f TT IkT^^ V{xk.s)ds 

■ j _[_[ t/x.(xfc+i,a;fc)e ^ dxi ■ ■ ■ dx,n^i (165) 

0<A;<m-l 
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with Xm '■= X, xq := y and Ut^x^u) = Uo{0,T){x,y) is the integral kernel of the operator Uo{t,0) = e ^"'^ 
We rewrite (|165|) as 



Gm{x,y) ^ Urix,y) I e ' ^ dfimixi, ■ . ■ ,Xm), (166) 



where 

, f ^ Uo<k<m-lU^iXk+l,Xk) 
d^rn[Xl, ■ . ■,Xjn) ■= , ^ £13:^1 ■ ..dXk-l- 

f^rix, y) 

Since Gmix,y)\v=o — Ur{x,y) we have that J d^m{xi, ■ ■ ■ ,Xm) = 1- Let A := Ai x . . . x A,„, where Aj is 
an interval in M. Define a cylindrical set 

{uj : [0, t] ^ M" | a;(0) = y, uj{t) = x, uj{kT/m) G Afe, 1 < fc < m - 1}. 

By the definition of the measure d^xyiuj), we have fJ-xyiP^) — X\ d^m{xi, . . . ,Xm)- Thus, we can rewrite 
(fTMl as 

(fc+l)T 

Gmix,y) ^ Urix,y) e ^ " d^xy{i^), (167) 



By the dominated convergence theorem the integral on the right hand side of (|167p converges in the sense 
of distributions as m — > oo to the integral on the right hand side of ()158p . Since the left hand side of (|167p 
converges to the left hand side of ()158p , also in the sense of distributions (which follows from the fact that 
Gm converges in the operator norm on to U{T,a)), (jl58p follows. □ 

Note that on the level of finite dimensional approximations the change of variables formula can be derived 
as follows. It is tedious, but not hard, to prove that 

_Q U,n{xk+l,Xk) = e "2(1-.-^--) Yl Urn{yk+l,yk) 
0<k<in-l 0<fc<r?j.-l 

with yk '■= Xk — ujo{^t). By the definition of wo(s) and the relations xq = y and x„i — x we have 

G^ix,y) = Ur{x,y)G^^\x,y) (168) 

where 

, , 1 r r /fc " V{yk+uioi — ).s)ds 

Gl'ix,y) 4^^(i ^ ,-2ar^ / • • • / 11 Um{yk+i,yk)e ^ " dyi--- dyk-i- (169) 



0<A;<?ri-l 



Since lim GmC exists by (|160p . we have lim G^j-*^ (in the weak limit) exists also. As shown in |22| . 

lim = / e-^o"^("o(*)+"('')'^)''^d^(u;) with rf^ being the (conditional) Ornstein-Uhlenbeck measure on 

the set of path from to 0. This completes the derivation of the change of variables formula. 

Remark 2. In fact, Equations (|162l) ]. (I168P and (|169p ) suffice to prove the estimate in Corollarv\23[ 
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Appendix 2: Computations and Proofs 

Equation ([29)1 : Computation of Ai. Here through some examples we show how to compute the matrix 
Ai . We have 

= + 0(11^11), 

= -^(^(i^)^ / yfe-^\yUi''^dy + 0(||6||) 

1 + 0(11^.11), i^^^J. 

Similarly we can compute all the other entries. 



Derivation of Equation ([55)) - ([7T|) . Let v = Vab + then we have 

f) 1, — 1 ( c \^~l c^{p-l+yby)-cyb^y , g 
^'^^ ~ p-l^p-l+yby) (p-l+ybyY^ I" '''^ ' 

d V - £ +d £ 

p-1 Vp-l + ybj^-' p-l + yby "yiS: (170) 

^2^ ^ 1 / c N^/ 2Ej''ijK x2 1 c .^ 2biiip-l+yby)-{2J2.b,jy,f 

Plugging (jl70l) into ([201) we obtain 

a 1 c^{p~i+yby)-cyb^y 'f^ 
(p-l)(p-l+a6y)c 
_ 4E.(E,fe.,jy,)' 2bu{p-l+yby)-4ij:^b,,y,y 
~ (p-l)2(p-l+yfcy)2 ^ab l^i (p_i)(p_i+j^{,j^)2 I'ab 

+ ^p_,)]Z'l+y,y^ Vab - aE. - ^,Vab - + IKb + ^r'iVab + 0- 

It follows that 

I / c 2a_ I 2ayby , 4pE.(Ej b.jVj)^ _ 2J2, bu _ ^ yb^y -.y 

'^^p-l+yby p-1 {p-l){p-l+yby) ^ (p-l)^(p-l+y6a)2 (p-l)(p_l+yby) p-1 ^ (p-l)(p-l+a6y) i "ab' 

Rearranging the terms on the r.h.s. we obtain the equations (|65p - (|7T|) for i^. 



Proof of Lemma 1161 We prove this result by induction in the dimension n. For n — 1, the result is 
straightforward since 1 = P^^'^ + P[^'^ + P^^^ + P^^\ 

Assume the statement of the lemma is true for all dimensions m < n — \ and we will prove it for 
dimension n. By symmetry we only need to prove it for the case k. We have by assumption 
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where Ji C . We claim the fohowing relations 

^0^"^ - Ei^eJ^PpPt', (172) 
p(") _ p(i) p("-i) p(") I Y^"-i p(i) pO-1) p(j) p(i+i) p("-i)p(") 

^1 ^ ^0 ' ' ' ^0 -^1 Z^j=l ^0' '''^0' ^1' ^0 '''^0 ^1 

= p(i) . . . p("-i)p(") 4_ ^ p(i) . . .pfe-ip(fe)p(fc+i) . . . . . .p(«-i)p(") (-X73) 

p(i) p(fc-i) p(fe) p(fc+i) p(«-i)p(«) 

Z^fc=l 1^1=1,2' ^0 ' ' ' ^0 ^1^0 ' ' ' ^0 ^1 ) 

n-1 

VFePi"^ - Fo*'^ • • • + ^ P^}'^ ■ ■ ■ P^r^'^ p[P P^'+^^ ■ ■ ■ Pl,"-'^Pt\ (174) 

i=i 

pj") = Po(,i^..Po(riV3("\ (175) 

In fact, (|172p follows directly from (|171|) . and (|175p is trivial. Moreover, using the second relation in (|102p 
we obtain 

p("-l) _ p(l) p("-2)^p(n-l) , p(ri-l)s 



1 _ pu; p(,"-ij _ pu; p(,"-^j/'pi."-i; , pi."-ij\ 

p(l) . . . p(»-2)p(n-l) ^ p(l) ^ ^ ^ p(n-2)p(«-l) 

pW . . . pT"-3) (p^(«-2) ^ ^(„-2)^^(„-l) ^ pU) . . . p^(«-2)p(n-l) (176) 

p(i) p("-i) , Y-«-i p(i) pO-i) p(i) p(j+i) p(«-i) 

^0 '''^0 Z^7 = l ^0' '''^0' ^1' ^0 '''^0 ' 



and 



p(i) pO'-i)pO) _ p(i) pO-2)^p(j-i) , pO-i)NpO) 
p(i) . . . pO'-2)pO-i)p(j) ^ p(i) , , , pO-2)pO-i)pO) 



p(i) pO'-i)pO) , p(i) p(fc-i)p(fc)p(fc+i) p(j-i)pO) 

^0 '''^0 ^1' +Z^fc<7^0' '''^0' ^1' ^0 '''^0 ^1' • 



^fc<i ^ 0' 

(ITTil) follows readily from ([T7S)) . Finally, using p7S|) and ([T77| we arrive at ([T75)) . Thus by ([T7 ^ - p75)) and 



the relation 1 = P^^"^ + P^"'' + P^"'> + Pg^"^ we find 



1 _ p p(«) , p(l) p(«-l) p('i) , p(l) pfc-lp(fc) p(fc+l) pC-l) p(0 pC + l) p(n-l)p 

— Z^i'gJ^ +^0 '"-^0 ^1 "I" Z^fc<i ^0' '"^0' ^1' ^0 ' " ^0 -^0 "'^0 ^ 

p(l) p(fe-l) p(fc) p(fc+l) p("-l) p(») , p(l) p(2) p(n-l)p(") 
"T Z^fc=l Z^i = 1.2' ^0 '''^0 ^0 '''^0 ^1 ^0 -^0 '''^0 ^2 

,Y-"-ip(i) p(i-i) p(j) pO+i) p("-i) p(«) I p(i) p(«-i)p(") 

Z^j = l 0' ' ' ' ^0' ^1' ^0 ' ' ' ^0 ^2 I ^0' ' ' ' 0' ^3 ■ 

Therefore we obtain 1 = J^iej Pi' where 

J«= {i^in,--- ,i„-i,0)|(ii,--- ,i„-i) G Ji}U{(0,--- ,0,fc),(0',--- ,0',3):fc = l,2} 

Ui<fe<i<n-i{(*i> ■ • • j'i-n-i, 1) : ik = ii = = 0' if j < k,ij = if k < j < I or I < j < n} 
UlZliin, ■■■ , 1) : ij = MjfcVl < J < n - 1, / = 1, 2'} 
Ufc=i{(*i' • • ■ ,«n-i,2) : ik = 1', jj = 0' if j < k,ij = a k < j < n}. 

Obviously this J„ is a subset of /„. This proves Lemma [TBI □ 
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Proof of (|106p in the case ij = 3. Let Lq = — A + axdx- We want to show 

Let Uo{x,y) be the integral kernel of Ua '■— e^^e^*" "e ~ . By a standard formula (see [321 [22]) we have 

Uo{x,y) = 47r(l - e-2"'-)-5 7^e2"''e""^^--=-^"n . 
Define a new function / := e 2 P3(7. The definitions above imply 



e— C/„(a + r,a)e- — Paff = e-— J Uoix,y)f{y)dy. (178) 

Integrate by parts on the right hand side of (I178P to obtain 

e^Ua,ia + r,a)e-^P3g = J dpo{x,y)f^^^Hy)dy (179) 

where f'-~"'~^\x) f^^'^\y)dy and /. Because Pgg ± y^e""^, to = 0, 1,2, we have that 

/ _L 1, ?/, y^. Therefore by integration by parts we have 

/y poo 
f-"'+^\x)dx = /(-™+i)(a;)da;, to = 1,2,3. 

-00 J y 

Moreover, by the definition of /(^^^^) and the equation above we have 

l/^-"^(y)l < e-^(2/)^-"l(2;)-^P3fflloo. 
Using the explicit formula for Uq(x, y) given above we find 

\dyM^.y)\ < .'"^^L) J l^l + \y\ + i)'t^o(x,2/). 

We 

Collecting the estimates above and using Equation (|179p . we have the following result 

2 2 
(a;)-3|eT-{7„(cr + r, a)e-'^ P3g{x)\ 

< (T3^^(^);'e"# J{\x\ + |y| + l)3e-3-C/o(x, y)\f -'Hy)\dy 

< iT^^^e^ J{x)-^Uoix,y)e-^y\yydy\\{y)-^P3g\\^. 

□ 
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